Abstract. The Yang-Baxterization R(z) of the trigonometric R-matrix is computed for the two-parameter quantum affine algebra U r,s ( sl n ). Using the fusion rule we construct all fundamental representations of the quantum algebra U r,s (sl n ) as (r, s)-wedge products of the natural representation.
Introduction
Two-parameter general linear and special linear quantum groups were introduced by Takeuchi [18] in 1990. This new type of quantum groups was used in [5] to incorporate two seemingly different types of quantum general linear groups: the usual quantum general linear groups from Drinfeld-Jimbo quantum algebras [4, 10] and Dipper-Donkin quantum linear groups [6] connected with quantum q-Schur algebras. Similar two-parametric quantum groups originating from exotic solutions of YangBaxter equations were also studied in [11] and they interpolate the usual quantum groups and the degenerate cases from a special solution of the six vertex model. Earlier in [17] Reshetikhin studied quasi-triangular Hopf algebras from multi-parameter solutions of Yang-Baxter equations. All these quantum groups can be viewed as quantum transformation groups [11, 7] over certain quantum planes in the sense of Manin [15] .
In 2001 Benkart and Witherspoon [1] investigated the two-parameter quantum group in connection with the down-up algebras. In [2] Benkart and Witherspoon developed the two-parameter quantum groups corresponding to general linear and special linear Lie algebras gl n and sl n , and constructed the corresponding R-matrix and the quantum Casimir element. They further showed that these two algebras can be realized as Drinfeld doubles. In [3] the representation theory of two-parameter quantum groups U r,s (gl n ) and U r,s (sl n ) was studied and an explicit description of the (r,s)-symmetric tensor space S fundamental representations of the quantum group U q (sl n ) were first constructed by Rosso in [16] . Later the fundamental modules were reconstructed using the fusion procedure [13, 14, 12] in connection with the quantum affine algebras U q ( sl n ). A natural question of the wedge modules arises for the two-parameter quantum groups. Although the tensor modules of U r,s ( sl n ) have been constructed in [3] it is non-trivial to pass down to the irreducible quotient modules, and the best method seems to be the fusion procedure. In order to carry out the fusion procedure one first needs to find the R-matrix with spectral parameter as in the one-parameter case.
In this paper we first use the Yang-Baxterization method of Ge-Wu-Xue [8] to construct a spectral parameter dependent R-matrix for the two-parameter quantum algebra U r,s ( sl n ) based on the braid group representation given by the BenkartWitherspoon R-matrix. We remark that our R-matrix R(z) can also be viewed as the R-matrix of two-parameter quantum affine algebra U r,s ( sl n ) [9] . Then we construct all the (r,s)-wedge modules of U r,s (sl n ) by the fusion procedure.
The paper is organized as follows. In section 2, we give a brief introduction of twoparameter quantum groups U r,s (gl n ) and U r,s (sl n ) and recall the results given in [3] . In section 3, we obtain an R-matrix with spectral parameter which can be regarded as the R-matrix corresponding to the two-parameter quantum affine algebra U r,s ( sl n ) by using the Yang-Baxterization method of Ge, Wu and Xue. In section 4 we determine all (r, s)-wedge modules of U r,s (sl n ).
2. Two-parameter quantum group U r,s (sl n ) and R-matrix
We first recall the definition of the two-parameter quantum group U r,s (sl n ) and some basics about their representations from [3] . Let ǫ 1 , ǫ 2 , ..., ǫ n denote an orthonormal basis of a Euclidean space E with an inner product , . Let Π = {α j = ǫ j − ǫ j+1 |j = 1, 2, ..., n − 1} be the set of the simple roots of type A n−1 , then Φ = {ǫ i − ǫ j |1 ≤ i = j ≤ n} is the set of all roots.
We now fix two nonzero elements r, s ∈ C with r = s.
Definition 2.1. The two-parameter quantized enveloping algebra U r,s (sl n ) is the unital associative algebra over C generated by e i , f i , ω i , ω ′ i , 1 ≤ i < n with the following relations:
(R1) The generators ω i , ω ′ i are invertible elements commuting with each other, (R2)
i e i+1 − (r + s)e i e i+1 e i + rse i+1 e 2 i = 0 and e 2 i+1 e i − (r + s)e i+1 e i e i+1 + rse
is the usual commutator.
Remark 2.2. When r = q, s = q −1 , the algebra modulo the ideal generated by the elements ω
The algebra U r,s (sl n ) is a Hopf algebra under the coproduct ∆ such that ω i , ω ′ i are group-like elements and other nontrivial coproducts, counits and antipodes are given by:
The natural representation of U = U r,s (sl n ) can be easily described as follows. Let Λ = Zǫ 1 ⊕ Zǫ 2 ⊕ · · · ⊕ Zǫ n be the weight lattice of gl n , where ǫ i are the orthonomal vectors as before, Q = ZΦ the root lattice, and we denote
Assume Λ is equipped with a partial order in which ν ≤ λ if and only if λ − ν ∈ Q + . For each i < n define the fundamental weights
Corresponding to λ ∈ Λ sl , there is an algebra homomorphism λ from the subalgebra
to C given by:
When rs −1 is not a root of unity, the homomorphisms λ = µ if and only if the corresponding weights λ = µ [2] . Let M be a finite dimensional U r,s -module, then
where χ are algebra homomorphisms χ :
, for all i and for some m} are the associated generalized eigenspaces. For brevity the homomorphisms χ are called generalized weights of M. When all generalized weights are of the form χ( −α) for a fixed χ and α varying in Q + , we say M is a highest weight module of weight χ and write M = M(χ). Benkart and Witherspoon [2, 3] have shown that when M is simple, all generalized weight subspaces are actually weight subspaces. Moreover, if all generalized weights are the homomorphisms λ coming from the usual weights λ, we will simplify the notation and write M λ for M λ , and similarly the highest weight module M( λ) will be simply denoted as M(λ).
The theory of highest weight modules of U r,s (g) is quite similar to that of corresponding simple Lie algebra g. Besides the highest weight modules discussed above, one can also define the notion of Verma modules M(λ) [3] . Benkart and Witherspoon [3] have proved that all finite dimensional U r,s (sl n )-modules are realized as the simple quotients of some Verma modules. We will denote by V (λ) the simple quotient of the Verma module M(λ).
Let V be the n-dimensional vector space over C with basis {v j |1 ≤ j ≤ n}, and define E ij ∈ End(V ) such that E ij v k = δ jk v i . The natural representation is the U r,s (sl n )-module V with the action given by:
E kk ,
for all i, j, so v j has weight ǫ j = ǫ 1 − (α 1 + · · · + α j−1 ). Therefore V = n j=1 V ǫ j is the weight decomposition, and it is a simple module of U r,s (sl n ).
In [3] Benkart and Witherspoon studied the tensor powers of the natural representation V of U r,s (sl n ) and the associated R-matrix. Let R = R V V be the R-matrix associated to V given by the coproduct, and for 1 ≤ i < k, let R i be the U r,s (sl n ) module isomorphism on V ⊗k defined by
Since R = R V V satisfies the Yang-Baxter equation, the braid relations hold:
The construction also implies that for |i − j| ≥ 2,
The following result was given in [3] . the (r,s)-antisymmetric tensors) . These modules are defined as follows:
Consequently one has that (2.5)
From Proposition 2.4, it follows that the action of R on V ⊗ V is given as follows:
Yang-Baxterization
Starting from an R-matrix of the Yang-Baxter equation (YBE), Yang-Baxterization of R recovers the associated spectral parameter dependent R-matrix R(z) satisfying the YBE:
When R has two or three eigenvalues Ge, Wu and Xue [8] gave an algorithm to compute its Yang-Baxterization. Suppose R has two distinct eigenvalues λ 1 , λ 2 , the Yang-Baxterization R(z) can be computed by:
Proposition 2.4 shows that R = R V V has eigenvalues 1 and −rs −1 on V ⊗ V , then by the Yang-Baxterization we have the following theorem. We remark that the resulting R-matrix with spectral parameter z is an (r, s)-analogue of the R-matrix for the quantum affine algebra U q ( sl n ). 
Proof. We already mentioned that R = R V V has two distinct eigenvalues λ 1 = −rs −1 and λ 2 = 1. Ge-Wu-Xue's Yang-Baxterization implies that the resulting R-matrix with spectral parameter is then given by:
On the other hand, Eq. (2.5) implies that
Thus R(z) = (1 − z)R − z(rs −1 − 1)I, which is exactly Eq. (3.2).
Remark 3.2. Clearly R(0) = R. Moreover, when r = q and s = q −1 , the R-matrix R(z) turns into
which is exactly the Jimbo R-matrix for the quantum affine algebra U q (sl n ). In this regard we can view R(z) as an (r, s)-analogue of the R-matrix R q (z) of the quantum affine algebra U q ( sl n ) [9] .
4. (r, s)-wedge modules of U r,s (sl n )
In [3] Benkart and Witherspoon studied the (r, s)-symmetric tensor S 2 r,s (V ) (see Proposition 2.3) using the Hopf algebra structure. Here we give an alternative description of the symmetric tensors using the fusion procedure as well as the anti-symmetric tensors. Proof. This is a simple consequence of the spectral decomposition of the R-matrix R(z). In fact applying R(rs
. The equality follows due to S 2 r,s ∩Λ 2 r,s = {0}. The other relations are checked similarly. Remark 4.2. The above proposition is the analogue of the one-parameter case (see [12] ). In fact, when s −1 = q = r, the (r,s)-symmetric tensor S 2 r,s (V ) of U r,s (sl n ) reduces to the q-symmetric tensor W of U q (sl n ) (see [12] ). Now we can study the general wedge products of the two-parameter case using the fusion procedure as in [12] . The following theorem completely determines (r, s)-wedge modules for U r,s (sl n ). Theorem 4.3. On the tensor product of the natural representation of U r,s (sl n ) we have
Proof. We denote the image of
First we show that the vector v 1 ∧ v 2 ∧ · · · ∧ v k is a highest vector with highest weight ω k in the U r,s (sl n )-module.
It follows from Eqs. (2.3)-(2.4) and the Hopf algebra structure of U r,s (sl n ) that
Hence v 1 ∧ v 2 ∧ · · · ∧ v k has weight ω k = ε 1 + ε 2 + · · · + ε k . Furthermore the action of e i on V ⊗k can be computed as follows. For example
. . By taking special values of r and s, one sees that the two modules have the same dimension, so they are isomorphic.
